An m x n matrix A is a mapping A:R" — R™ and is represented by

&, &, a5, &,
aZ,l a2,2 a2,3 aZ,n
A= 8, 8, 3 &,
am,l a‘m,Z am,3 a'm,n
For example, we will consider the following six matrices
B:R*>R*
:4 re o1 D:R® 5 R F:R® >R
_1'4 _2'9 _3'7 12 -12 -21 08 28 -14 10 04
B= 2'0 3'0 1'0 D=| 40 30 -20 F=| 16 -26 13 45 32
' ' ' -20 15 6.0 20 -20 10 0.0 4.0
02 43 51
C:R*5R° ‘R 4
10 -04 -20 -26 ERIOR T
—5-0 —2-0 —4-0 —2-0 10 -02 10 19 -35 -14 41 06 03 -34
. 3-0 1-2 0-8 5-2 | 50 30 —20 30 | 20 08 -04 16 -07 -03
= 2.5 1.0 O.O 6.0 15 31 -14 o1 -15 -06 07 -08 46 0.6
. . : : 05 25 08 34 50 20 30 20 10 20
20 08 20 02

If m = n, the matrix is said to be a linear operator, otherwise the matrix is said to be a linear map.

Defining matrix-vector multiplication
The matrix-vector product Au is defined as the linear combination of the columns of A with the coefficients taken
from the vector u; that is, if

ul
u,
u=|u,
url
then
a, a, a; a,
a5, a,, a3 a,,
AU=U,| 8y |+U,| 8, |+Ug| 8y3 [+---+U, | 8,
a a a a

m,3



For example, given our example matrices,

5 -0.4 -2.6 -2.1 -6.5
-1.4 -29 -3.7 -7.8
Ifu=| 3 |eR® Bu=2 +3 +(-1) = eR’
1 2.0 3.0 1.0 12.0
0.2 43 5.1 8.2
3 -1.0 -0.4 -2.0 -2.6 -94
9 5.0 2.0 4.0 -2.0 11.0
Ifu=| " |eR Cu=3 30|+(-2) 12|+ 08|+2-52|=|-30|cR".
5 -2.5 -1.0 0.0 6.0 6.5
2.0 0.8 2.0 0.2 6.8
-3 1.2 1.2 -2.1 -14.4
lfu=| 2 |eR® Du=(-3)| 40 |+2{30|+4|-20|=|-140eR’.
4 -2.0 15 6.0 33.0
2 1.0 -0.2 1.0 1.9 -2.9
1, 50| |-30| |-20 30| | 20| _,
If u= eR*, Eu=2 +1 +1 +(—3) = eR*.
1 — 3.1 -1.4 0.1 -1.6
-3 -0.5 2.5 0.8 34 -79
2
-1 -0.8 2.8 -14 1.0 0.4 -7.4
Ifu=| 2 |eR® Fu=2| 16 +(,1) -26|+2| 1.3|+1 45 +(73) 32|=| 33|eR®.
1 2.0 -2.0 1.0 0.0 4.0 -4.0
-3
-2
-1 -3.5 -1.4 4.1 0.6 0.3 -3.4
1 6 2.0 0.8 -04 1.6 -0.7 -0.3
If u= eR®, Gu:(—Z) +(—1) +1 +0 +2 +1 =
0 -1.5 -0.6 0.7 -0.8 4.6 0.6
2 5.0 2.0 -3.0 2.0 1.0 2.0
4

-14.5
0.2
9.9

15.0

eR*.



Terminology: image and pre-image
The image of a vector u € R" under the mapping A is that vector Aue R".

Thus,

1. the image of

2. the image of

3. the image of

4. the image of

5. the image of

6. the image of

If veR™ and there is a vector ue R" such that Au=v, we say that u is a pre-image of v.

under B is

under C is

under D is

under E is

under F is

under G is

—6.5
-7.8
12.0

8.2

-9.4
11.0
=301,
6.5
6.8

~14.4
~14.0
33.0

-2.9

2.0
-1.6
-7.9

7.4
33
4.0

, and

-14.5
0.2
99|

15.0



Finding pre-images of a vector

The pre-image of v is the set of all vectors in ue R" such that Au=v . We can find the pre-image of a vector v by
finding all solutions to

&, &, ag
aZ,l a2,2 a2,3

(Aév): &, &, o3

m,1

For our six examples, the pre-images of the vectors we have found will, in some cases, be just that vector, and in
others, will be a set of vectors containing the vector in question.

Example 1: B:R3 - R*

6.5 -04 -26 -21:-65) (2 3 1 12
. -7.8 -14 29 37 -78| |0 4 57
For the map B, given v = , We have ~ and thus we note
12.0 20 30 10 120| |0 0O -2 2
8.2 02 43 51:82) (0 0 0 0

1. the rank of the matrix equals the rank of the augmented matrix, so at least one solution exists, and
2. the rank of the matrix equals the number of columns, so a unique solution exists.

2
Therefore, we can find this unique pre-image of v using backward substitution; that is, u=| 3
-1
-5.5
. . -7.8
If, however, we attempt to find a pre-image for V= 120! we see that
8.2
-04 -2.6 —2.1§—5.5 2 3 1 12
14 29 37 -78| |0 4 5 7
~ , and thus no solution exists as the rank of the matrix is 3, while
20 30 10:120 0 0 -2:2

02 43 51 82) 0 0 0 1
the rank of the augmented matrix is 4, and thus this vector v has no pre-image.



Example 2: C:R* - RS

9.4 ~10 04 20 26 -94) (5 2 4 211
11.0 50 20 40 -20 110 [0 0 2 5 12
For the map C, given v=|-3.0|,wehave | 3.0 12 0.8 —5.2§—3.0 ~{0 0 0 O 0 |. Again,
6.5 25 -10 00 60 65/ |0 0 0 0 O
6.8 20 08 20 02 68) 0 0 0 0 O

1. the rank of the matrix equals the rank of the augmented matrix, so at least one solution exists, but
2. the rank of the matrix is two less than the number of columns, so there are two free variables.

Thus, assigning free variables to Columns 2 and 4, as these columns do not have leading non-zero entries, we have
that the solutions are o, =6-2.5¢,,a, =—-2.6-0.4a, + 2.4, , o the collection of all solutions is of the form

-2.6 -0.4 24
0 1 0
+a, +a, .
6.0 0 -25
0 0 1

This does not form a subspace in R*. You will note, however, that

-2.6 -0.4 24 3
0 1 0 -2
+(-2) +2 = ;
6.0 0 -2.5 1
0 0 1
-12.2
10.0
that is, for the one vector for which we found v=| -7.6 | to be the image, we see that it is in the set of all
12.0
7.4
solutions.
-12.2
10.0
If, however, we attempt to find the pre-image for v=| —6.6 |, we have
12.0
7.4
-1.0 -04 -2.0 —2.6;—12.4 5 2 4 2 11
50 20 40 -20 110| |0 0 2 5 12
30 12 08 -52 -30(~[0 0 0 0 -3
25 -10 00 60 65/ |0 0 0 0 O
20 08 20 02 68) (0 00 0 0O

and thus the rank of the matrix is one less than rank of the augmented matrix, so no solution exists.



Example 3: D:R3 - R3

-14.4 12 -12 -21 -144 4 3 -2 -14
For the operator D, given v=|-14.0|, we have | 40 3.0 -20 -140|~|{0 3 5 26 | and thus, as
33.0 20 15 60 330/ \0 0 2 8
the rank of the augmented matrix equals the number of columns, there is a unique solution, and we can find that
-3
unique pre-image using backward substitution to find u=| 2 |. Because the rank of the matrix equals the number
4

of rows which equals the dimension of the co-domain, there is a unique pre-image for every vector in R,



Example 4: E:R* - R*

-2.9 10 -02 10 1.9 -2.9 5 3 -2 3 2
. 2.0 50 30 -2.0 3.0 20 0 4 -2 1:i-1
For the operator E, given v = , we have ~
-1.6 -15 31 -14 01 -16 0 0 2 3 :i-7
-7.9 05 25 08 34 -79) (0 0 0 O0: 0O

From the row-echelon form, we have

1. the rank of the matrix equals the rank of the augmented matrix, so at least one solution exists, but
2. the rank of the matrix is one less than the number of columns, so there is one free variable.

Thus, assigning a free variables to Column 4, as this column does not have a leading non-zero entry, we have that
the solutions are o, =-3.5-1.5¢,,a, =—2-¢,,c =0.2—-0.6¢, , so the collection of all solutions is of the form

0.2 -0.6
-2.0 -1.0
+a, :
-35 -1.5
0 1

This does not form a subspace in R*. You will note, however, that

0.2 -0.6 2
-2.0 -1.0 1
+(-3) = ;
-35 -1.5 1
0 1 -3
-2.9
) . 2.0 . . .
that is, for the one vector for which we found v = 16 to be the image, we see that it is in the set of all solutions.
-7.9
-29
. . 2.0
If, however, we attempt to find the pre-image for v = 16l we have
-7.9
1.0 -02 1.0 1.9§—0.9 5 3 -2 3: 2
50 3.0 -20 30 2.0 0 4 2 1:i41
-15 31 -14 01 -16| [0 0 2 3 -7/
-05 25 08 34 -79) (0 0 0 0 2

and thus the rank of the matrix is one less than rank of the augmented matrix, so no solution exists.



Example 5: F:R5 - R3
7.4

For the map F, given v=| 3.3 |, we have,
-4.0

-08 28 -14 10 04 -74) (2 2 1 0 4 -4
16 -26 13 45 32 33(~[0 2 -1 1 2 -9
20 20 10 00 40 —40) \0 0 0 5 1 2

From the row-echelon form, we have,

1. the rank of the matrix equals the dimension of the co-domain, so it is always guaranteed that at least one

solution exists, and
2. the rank of the matrix is two less than the number of columns, so there are two free variables.

Thus, assigning free variables to Columns 3 and 5, as these columns do not have leading non-zero entries, we have
that the solutions are ¢, =0.4-0.2,,, =—4.7+0.5a, —0.9¢x,, o, =—6.7—2.9¢r,, so the collection of all solutions

is of the form

—6.7 0 -2.9
4.7 0.5 -0.9
0 |+a3]1 |+ag| O
0.4 0 -0.2
0 0 1

This does not form a subspace in R*. You will note, however, that

-6.7 0 -2.9 2
4.7 0.5 -0.9 -1
0 [+2[1 |+(=3)] 0 |=| 2 |;
0.4 0 -0.2 1
0 0 1 -3
-7.4
that is, for the one vector for which we found v=| 3.3 | to be the image, we see that it is in the set of all solutions.
-4.0

Because the rank of the matrix equals the number of rows (which equals dimension of the co-domain), there will
always exist infinitely many solutions for every target vector.



Example 6: G:Ré - R*

-145
. 0.2
For the map G, given v = 99|’ we have,
15.0
-35 -14 41 06 03 -34:-145) (5 2 -3 2 1 215
20 08 -04 16 -07 -03. 02| |0 0 2 2 1 -2 -4
-15 -06 07 -08 46 06 99| |0 0 0 0 5 1 14
50 20 -30 20 10 20: 150) (0 O 0 0 O O O

From the row-echelon form, we have,

1. the rank of the matrix equals the rank of the augmented matrix, so at least one solution exists, but
2. the rank of the matrix is three less than the number of columns, so there are three free variables.

Thus, assigning free variables to Columns 2, 4 and 6, as these columns do not have leading non-zero entries, we
have that the solutions are o, =2.8—-0.2¢, 01, = 34—, +1. 1, ¢, =0.4—-0.4cx, — ¢, +0.3¢r , SO the collection of

all solutions is of the form

0.4 0.4 -1.0 0.3
0 1 0 0
-3.4 0 -1.0 11
+a, +a, +a
0 0 1 0
2.8 0 0 -0.2
0 0 0 1

This does not form a subspace in R®. You will note, however, that

0.4 -0.4 -1.0 0.3 2

0 1 0 0 -1

-3.4 0 -1.0 1.1 1

+(-1) +0 +4 = ;

0 0 1 0 0

2.8 0 0 -0.2 2

0 0 0 1 4
-14.5

) . 0.2 . .
that is, for the one vector for which we found v = 99 to be the image, we see that it is in the set of all

15.0

solutions.



A basis for the range

We have seen that all linear combinations of vectors forms a sub-space of a vector space. Matrix-vector
multiplication is taking a linear combination of the columns of the matrix, and if you consider the image of every
vector in the domain, you are essentially finding all linear combinations of the columns in the co-domain. We call
the image of all the vectors in the domain the range, and the range is a subspace of the co-domain.

Thus, if the columns of the matrix are linearly independent, they form a basis for the image of the domain. If the
columns are not linearly independent, finding the row-equivalent row-echelon form of the matrix allows you to
choose those columns that are linearly independent, and these linearly independent columns form a basis for the
image of the domain. The range of A is all of R™ if and only if rank(A) = m, the dimension of the co-domain.

If the dimension of the domain is less than the dimension of the co-domain, the range will always be a proper
subspace of the co-domain (that is, the range will never equal the entire co-domain).

Example 1: B:R3 - R*

-04 -26 -21 2 3 1
-14 -29 -37 0 4 5
For the map B, we have ~ , and thus the dimension of the range is 3 (being the
20 30 10 0 0 -2
02 43 51 0 0 O

rank of the matrix B), and a basis for the range is

-0.4) (-2.6) (-21
-14||-29]||-37
20| 30| 10|
02)| 43)| 51

Because the dimension of the range is less than the dimension of the co-domain, there are vectors in the co-domain
that have no pre-image.



Example 2: C:R* - RS

-1.0 -04 -20 -26 5 2 4 2
50 20 40 -20 0 0 2 5
For the map C, we have | 3.0 12 08 -52|~|0 0 0 0 |,and thus the dimension of the range is 2
-25 -10 00 6.0 0 0 0 O
20 08 20 02 0 00 O
(being the rank of the matrix C), and a basis for the range is
-1.0) (-2.0
5.0 4.0
3.0[,| 08].
-2.5 0.0
2.0 2.0

Because the dimension of the range is less than the dimension of the co-domain, there are vectors in the co-domain
that have no pre-image. In this case, the range forms a plane in R®.

Example 3: D:R3 - R3
12 -12 -21 4 3 -2
For the operator D, we have | 40 3.0 -20|~|0 3 5 | and thus, and thus the dimension of the range is 3
-20 15 6.0 0 0 2

(being the rank of the matrix D), and a basis for this range are the three vectors

12)(-13)(-21
401, 3.0},]-20
-2.0 15 6.0

Because the dimension of the co-domain is equal to the dimension of the range, this means that every vector in the
co-domain has a pre-image. In addition, as each pre-image is unique, this indicates that every vector in the domain
has one image, and each vector in the co-domain has exactly one pre-image.

Example 4: E:R* - R*

1.0 -02 10 19 5 3 -2 3
50 3.0 -20 30 0 4 -2 1
For the operator E, we have ~
-15 31 -14 01 0 0 2 3
-05 25 08 34 0 0 0 O

Because the dimension of the range is less than the dimension of the co-domain, there are vectors in the co-domain
that have no pre-image. In this case, the range forms a 3-dimensional subspace in R*. Every vector that has a pre-
image, therefore, has infinitely many pre-images. A basis for the range may be found by choosing those vectors
corresponding to columns containing leading non-zero entries in the row-echelon form, namely, Columns 1, 2 and 3.
Thus, such a basis is



1.0) (0.2 1.0
5.0 3.0(|-20

-15/(| 31||-14]
-05)( 25)( 08

Example 5: F:R5 - R3
-08 28 -14 10 04 2 -2 1 0
Forthe map F,we have | 1.6 -26 13 45 32(~|0 2 -1 1 2
20 -20 10 0.0 40 0 0 0 51

From the row-echelon form, we have, that the rank is 3, so because the dimension of the co-domain is 3, this means
that each vector in the co-domain has at least one pre-image. Because the rank is less than the number of column
vectors, there are infinitely many solutions. From the row-echelon form, a basis for the range are Columns 1, 2 and
4; that is, those columns that have leading non-zero entries in the row-equivalent row-echelon form. Thus, the basis
is

-0.8 2.8) (1.0
16|, -261,45].
20)\-2.0)10.0

Example 6: G:Ré - R*
For the map G, we have

-35 -14 41 06 03 -34 5 2 -3 2 1 2
20 08 -04 16 -07 -03 0 0 2 2 1 2
15 06 07 -08 46 06/ |0 0 0 0 5 1
50 20 -30 20 10 20 0 0 00 O0 O

From the row-echelon form, we see that the dimension of the range is 3, and a basis for that range are the columns
corresponding to those columns in the row-equivalent row-echelon form with leading non-zero entries; in this case,
Columns 1, 3 and 5:

-35)( 41)( 03
20||-041]|-07
-150 07| 46|
50)(-3.0)| 1.0

As the dimension of the co-domain is 4, and the dimension of the range is 3, this indicates that there are vectors in
the co-domain that have no pre-image under this mapping. Also, because the rank of the matrix is less than the
number of columns in the matrix, this indicates that there are infinitely many pre-images for each vector in the
range.



The null space and a basis for the null space

Given a linear mapping or operator A, the set of all vectors that map onto the zero vector in the co-domain is
described as the null space of the linear operator. To find the null space of a linear operator, we must find all
solutions to (A 0, ). The null space is just the zero-vector of the domain if the rank of the matrix equals the

number of columns; otherwise, there are infinitely many vectors in the null space. The null space always contains
the zero vector, for AQ, = Oy, The null space is always a subspace of the domain.

Example 1: B:R3 - R4

-04 -26 -21:0) (2 3 10
14 29 -37.0| |0 4 5.0

For the map B, we have I and thus we note because the rank equals the
20 30 10:0 0 0 -2:0

02 43 51 0) 0 0 00

number of columns, a unique solution exists. Therefore, as we already know that the zero-vector in R" maps onto the
zero-vector of R™, this must be the unique vector in the null space. Note that the zero vector is a subspace of R".

Example 2: C:R* - RS

~10 04 —20 —26:0) (5 2 4 -2 0
50 20 40 20 0| [0 0 2 50
For the map C, we have | 3.0 12 0.8 —5.2§0 ~/0 0 0 O 0 . Here now, however, because the
25 -10 00 60.0| [0 0 0O 00
20 08 20 020) (0 0 0 00

rank of the matrix is less than the number of columns, there are an infinitely many number of vectors that map onto
the zero vector 0,. We can find all these solutions using backward substitution: ¢, =—-2.5¢,,¢, =-0.4a, +2.4¢,,

so the collection of all solutions is of the form

-0.4 24
1 0

a, 0 +a, _os
0 1

You may note that all linear combinations of these two vectors forms a subspace of R*, and because these are
linearly independent, they form a basis, so that subspace is a plane in R*.

For example, you will note that the image of the vector

-0.4 2.4 -0.8
1 0 0.2
0.2 -0.3 =
0 -2.5 0.75
0 1 -0.3

is the zero vector.



Example 3: D:R3 - R3
12 -12 210 4 3 2.0
For the operator D, we have | 40 3.0 -2.0 0|~|0 3 5 0 | and the rank of D equals the number of
20 15 60 0) |0 0 20
columns, so a unique solution exists, and thus the only pre-image of the zero vector is the zero vector itself.

Example 4: E:R* - R4

10 -02 10 19 0 5 3 -2 3 0
50 30 —20 30 0| [0 4 -2 1.0 .
For the operator E, we have ~ , and since the rank of the
-15 31 -14 01:0 00 230

05 25 08 34.0) (0 0 0 0 0
matrix is 3, which is less than the number of columns, there are infinitely many solutions to this problem. We can
use backward substitution to find that the solutions are o, =—1.5¢,,a, =—¢,,a, =—0.6c,, S0 the collection of all
solutions to the homogeneous system of linear equations is of the form

-0.6

-1.0

15/
1

a,

This forms a 1-dimensional sub-space of R*; that is, a line passing through the origin in R*. You will note that, for
example,

-0.6 0.42
-1.0 0.7
(-07)| 7 |=
-1.5 1.05
1 -0.7

maps onto the zero vector.

Example 5: F:R5 - R3
-08 28 -14 10 04:0 2 2 10 4:0
For the map F, we have | 1.6 -26 13 45 32 0j~j0 2 -1 1 2 0 , We see that there are
20 20 10 00 40 0/ (0 0 0 5 1 0
infinitely many solutions to the homogeneous equation, as the rank is greater than the number of columns. Using
backward substitution, we can find all such solutions, namely o, =-0.2¢,, &, =0.5¢, —0.9¢x,, ¢y, =—2.9¢, s0 the
collection of all solutions is of the form

0 -2.9
0.5 -0.9
o1 |+o5| O
0 -0.2
0 1

This is a 2-dimensional subspace of R®. You will note that



0

0.5
-02|1

0

0

does map to the zero vector 05 under this linear mapping.

Example 6: G:R6 - R*

-35 -14 41 06
20 08 04 16
-15 -06 0.7 -038
50 20 -30 20

For the map G, we have,

-2.9
-0.9

+0.3| 0

-0.2

1

03 -34:
-0.7 -03
4.6
1.0

—0.87
-0.37

=|-0.2

o O O

0.6
200

—-0.06

0.3

5
0
0

o o N

0 0

O N DN

0

1
1
5

0

and as the

|
N
o O O

0 0

rank of the matrix is 3, which is less than the number of columns, there are infinitely many solutions. We can use
backward substitution to find all these solutions: o, =—0.2¢x, 0t = —cx, +1.1c%, 0y = 0.4, — 2, —0.3¢5, s0 the

collection of all solutions is of the form

O 0o oo r o

ta,

-1.0
0
-1.0
1
0
0

-0.3
0
11
0

-0.2
1

This is a 3-dimensional subspace in R®. You will note that, for example,

4

0.3 -0.7

O O O O+~ O

that is, for the one vector for which we found v =

solutions.

-1.0
0
-1.0
1
0
0

-14.5
0.2
9.9

15.0

+1.4

0.3
0
11
0

-0.2
1

0.3

224 |

0.7
-0.28
1.4

to be the image, we see that it is in the set of all



When a linear map is “onto”

From secondary-school functions, you know that the function y = x? + 1 maps the reals to the reals, but there is no x
value such that, for example, y = —2. This function does not map the reals onto the reals. On the other hand, you
know the function y = x(x — 1)(x + 1) has at least one value of x that maps onto any value of y. In some cases, there is
exactly one, in two cases there are exactly two, and for others there are three. This second function maps the real
numbers onto the reals.

A linear map A:R" — R" is onto if every vector in the co-domain V has at least one pre-image. There are, in fact,
three distinct cases:

1. there are vectors in the co-domain that have no pre-images,
2. every vector in the co-domain has exactly one pre-image, and
3. every vector in the co-domain has infinitely many pre-images.

If rank(A) < m, there are vectors in the co-domain that have no pre-image, and thus A would not be “onto”. If
rank(A) = m, then every vector in the co-domain has at least one pre-image, and thus this linear mapping would be
described as “onto”. This is equivalent to saying that a linear map is onto if and only if the rank equals the
dimension of the co-domain, or a linear map is onto if and only if the rank equals the number of rows of the matrix.

If n < m, it is impossible for a linear mapping to be onto.

Example 1: B:R3 - R*
For the map B, we have that 3 < 4, and thus we may immediately conclude that the mapping B is not onto. As it
happens, rank(B) = 3.

Example 2: C:R* - RS
For the map C, we have that 4 < 5, and thus we may immediately conclude that the mapping C is not onto. As it
happens, rank(C) = 2.

Example 3: D:R3 - R3
For the operator D, the dimension of the domain equals the dimension of the co-domain (3 = 3), so we must examine
12 -12 -21 4 3 -2
the rank. From | 40 3.0 -20|~|0 3 5 |, we see that rank(D) = 3, which equals the dimension of the
-20 15 6.0 0 0 2

co-domain, and thus this mapping is onto.

Example 4: E:R* - R*
For the operator E, the dimension of the domain equals the dimension of the co-domain (4 = 4), so we must examine
10 -02 10 19 5 3 -2 3
the rank. From 50 30 20 307 10 4 -2 1 , and since the rank of the matrix is 3, which is less
-15 31 -14 01 0 0 2 3
-05 25 08 34 0 0 0O
than the dimension of the co-domain, there are vectors in the co-domain that have no pre-image, and thus this linear
operator is not onto.



Example 5: F:R5 - R3
For the map F, the dimension of the domain is greater than the dimension of the co-domain (5 > 3), so we must
-08 28 -14 10 04 2 -2 1 0 4
examine the rank. From | 1.6 -26 13 45 32|~|0 2 -1 1 2 |, we see that rank(F) = 3, which
20 -20 10 0.0 40 0 0 0 5 1

equals the dimension of the co-domain, and thus this mapping is onto.

Example 6: G:R6 - R*
For the map G, the dimension of the domain is greater than the dimension of the co-domain (6 > 4), so we must
-35 -14 41 06 03 -34:0 52 3 21 20
20 08 -04 16 -07 -03 0 00 2 2 1 2
-15 -06 0.7 -08 46 06 o/ oo 005 1
50 20 -30 20 10 20 0 00 00 O0 O
that rank(G) = 3, and this is less than the dimension of the co-domain, and thus there are vectors in the co-domain
that have no pre-image, and thus the mapping G is not onto.

. 0
examine the rank. From §0
0

When a linear map is “one-to-one”

From secondary-school functions, you know that the function y = x* + 1 maps the reals to the reals, but there are two
values of x that map to the value y = 2, namely x = 1 and x = —1. Thus, this function is not one-to-one. The function
y = x°, however, is one-to-one, because if there is a value of x such that y = x*, there is exactly one x value only. In
this case, every y value has exactly one pre-image. The exponential function is also one-to-one: if y > 0, there is only
one value of x such that y = *.

A linear map is one-to-one if and only if the rank equals the dimension of the domain. Equivalently, a linear map is
one-to-one if and only if the rank equals the number of columns in the matrix. Equivalently, a linear map is one-to-
one if and only if in solving for the pre-image of a vector in the range involves no free variables. If the dimension of
the domain is greater than the dimension of the range, the linear operator cannot be one-to-one.

Example 1: B:R3 - R
For the map B, 3 < 4 and thus we must inspect the rank to determine if this linear map is one-to-one. Looking at
-04 -26 -21 2 3 1
-4 28 =871 10 45 , We see that rank(B) = 3 and this equals the dimension of the domain (the
20 30 10 0 0 -2
02 43 51 0 0 O
number of columns). Thus, this mapping is one-to-one. You will recall that the pre-image of the zero vector in R* is
just the zero vector in R®.

Example 2: C:R* - RS
For the map C, 4 < 5 and thus we must inspect the rank to determine if this linear map is one-to-one. Looking at

-1.0 -04 -20 -26 5 2 4 -2
50 20 40 -20 0 0 2 5
30 12 08 -52|~|0 0 O 0|, weseerank(C)=2 <4, and thus this linear operator is not one-to-
-25 -10 00 6.0 0 0 0 O

20 08 20 0.2 0 0 0 O

one. You will recall that the pre-image of the zero vector in R® was a two-dimensional subspace of R”.



Example 3: D:R3 - R3
For the operator D, 3 = 3, so we must inspect the rank to determine if this linear operator is one-to-one. Looking at
12 -12 -21 4 3 -2
40 3.0 -20(~10 3 5 |, we see that rank(D) = 3 which equals the dimension of the domain (that is,
-20 15 6.0 0 0 2

the number of columns). Thus, this linear operator is one-to-one. You will also recall that the pre-image of the zero
vector in R is just the zero vector in R,

Example 4: E:R* - R4
For the operator E, 4 = 4 so we must inspect the rank to determine if this linear operator is one-to-one. Looking at
10 -02 10 19 5 3 -2 3
50 30 -20 30} 10 4 -2 1 , We see that rank(E) = 3 which is less than the dimension of the
-15 31 -14 01 0 0 2 3
-05 25 08 34 0 0 0O
domain (in this case, equal to 4), and thus this linear operator is not one-to-one. You will recall that the pre-image of
the zero vector was a 1-dimensional subspace of R*.

Example 5: F:R5 - R3
For the map F, 5 > 3, so this linear mapping cannot be one-to-one.

Example 6: G:Ré - R*
For the map G, 6 > 4, so this linear mapping cannot be one-to-one.

When a linear map is “one-to-one and onto”

A linear map A:R" — R™ (represented by an m x n matrix) cannot be onto if n < m and the linear map cannot be
one-to-one if n > m. Thus, the only possibility for a linear map being one-to-one and onto simultaneously is if m = n;
that is, if A is a linear operator.

A linear operator A:R" — R" is one-to-one and onto if and only if rank(A ) = n. Equivalently, a linear operator is
one-to-one and onto if and only if the pre-image of the zero vector 0, is just the zero vector, and no more.

Visually, a linear operator is one-to-one and onto if and only if the row-equivalent row-echelon form looks like

)

Note that a finite-dimensional linear operator that is not onto is also not one-to-one, and vice versa.



Example 3: D:R3 - R3
12 -12 -21 4 3 -2
For the linear operator D, we see from | 40 30 -20|~|0 3 5| that rank(D) = 3 which equals the
-20 15 6.0 0 0 2

dimension of the vector space (both domain and co-domain). Thus, this linear operator is both one-to-one and onto:
for each vector in R®, there is exactly one unique pre-image of that vector.

Example 4: E:R* - R*

1.0 -02 10 19 5 3 -2 3
50 3.0 -20 3.0 0 4 2 1
For the operator E, we see from ~ that rank(E) = 3 < 4, with 4 being
-15 31 -14 01 0 0 2 3
-05 25 08 34 0 0 00O

the dimension of the vector space (both the domain and co-domain). Thus, this linear operator is neither one-to-one
nor is it onto. This means that

1. there are vectors in R* that have no pre-image, and
2. ifavector in R* has a pre-image, then it has infinitely many pre-images.

We have already seen these above.

Summary of one-to-one and onto
A summary of the possibilities are:

Condition Visual examples _ One-to-one Onto
n>m ( )( ( ] ) Never one-to-one Onto if rank(A) = m
m=n ( ) ( ) One-to-one and onto if and only if rank(A) =m=n
n<m ( ) One-to-one if rank(A) = n Never onto

Other thoughts

Every vector in R™ has a pre-image under a mapping A if and only if rank(A) = m. If every vector in R™ has a pre-
image under A, we say that A is onto. A linear mapping A is onto if and only if (A v) has at least one solution for

every vector ve R™.
If rank(A) < m, there are infinitely many vectors in R™ that have no pre-image.

If m > n, a linear mapping A can never be onto. That is, there will always be vectors in R™ that have no pre-image in
R".

Given a linear mapping A, if a vector in R™ that has a pre-image in R" also has a unique pre-image, we say that A
one-to-one. A mapping A is one-to-one if and only if rank(A) = n. You can see this because solving for (A v) has

a unique solution (if one exists) if and only if rank(A) = n.



If n > m, a linear mapping A can never be one-to-one. That is, if a vector v e R™ has a pre-image (though there is no
guarantee a pre-image exists), it must have infinitely many vectors.

If rank(A) < n, every pre-image that exists has infinitely many vectors in R™. You may see this because in solving
(A v), there is at least one free variable and so there must be infinitely many solutionsto Au=v .

If u; and u, are both pre-images of v under a linear mapping A, then so are all affine combinations of u; and u,,
meaning au, +(1-a)u,, are also pre-images of v, as

Alau, +(1-a)u,) = A(au,)+A((1-a)u,)
=aAu, +(1-a)Au,
=av+(l-a)v
= (a +(1—a))v
=1.v

Thus, if a vector v e R™ has at least two pre-images, it also has infinitely many pre-images.

If u,,...,u, form a basis for span{u,,...,u,}, then span{Au,,...,Au,} is the image of span{u,,...,u,}. If the
linear mapping A is one-to-one, then Au,,...,Au, must be linearly independent and thus Au,,...,Au, is also a

basis for the image of span{u,,...,u,}.
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