Axioms of fields:
A field is closed under addition and multiplication.

Addition and multiplication are commutative: e + § = +aanda - =0 a.

Addition and multiplication are associative:(a + B) + vy =a+ (B+vy) and (a-B) -y = a- (B - y).
Multiplication distributes across addition: @ - (8 +y) = (a - B) + (a - y).

There is an additive identity 0 such that « + 0 = a.

Existence of additive inverses: given a, there is a —a such that a« + (—a) = 0.

There is a multiplicative identity 1 suchthat ¢ - 1 = a.

Existence of multiplicative inverses for non-zero values: given a, there isan ™' such that a - (a~1) = 1.
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Axioms of vector spaces:
Scalar multiplication axioms

1. [Ifuisavector, then au is a vector all scalars a.
2. 1-u=u

3. a(Bu) = (af)u

Vector addition axioms

4. Ifuand v are vectors, then u + v is also a vector.
5. u+v=v+u

6. u+(v+w)=u+v)+w

The relationships between scalar multiplication and vector addition
7. a(u+v)=au+av

8. (a+pB)u=au+pu

The zero vector and additive inverses

9. ThereexistsaOsuchthatu+ 0 =u

10. Given u, thereisa—-usuchu+ (-u)=0

Properties of the inner product for real vectors:
1. Symmetric as {u,v) = (u, v),

2. Bilinear as (au + v, w) = a{u,w) + g{v,w) and (u, av + fw) = afu, v) + S{u, w), and
3. Positive definite, (u,u) > 0 and (u,u) = 0 ifand only if u = 0.

Properties of the inner product for complex vectors:
1. Conjugate symmetric, as (u, v) = (v, u)* and
2. Sesquilinear as (u, av + pw) = a{u,v) + f{u, w) but (au + v, w) = a*(u, w) + g*(v,w), and
3. Positive definite, (u,u) > 0 and (u,u) = 0 ifand only if u = 0.

Properties of a norm:
1. ||u]l = 0 and ||ul| = 0 ifand only if u = 0,

2. |leu]l = |a]llull, and
3. [lu+vll < [lull + [Ivll
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