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NE 112 Linear algebra for nanotechnology engineers
FINAL EXAMINATION

Douglas Wilhelm Harder dwharder@uwaterloo.ca EIT 4018 x37023 519-885-8122

As you sit down, you may immediately rip off the last page (the formula sheet).

YOU MAY USE ANY PROPERTIES OF VECTOR SPACES, NORMS OR INNER PRODUCTS IN
ANY QUESTION TO SIMPLIFY YOUR CALCULATIONS TO GET TO AN ANSWER.

The exam will be graded out of 54.

Turn off all electronic media and store them under your desk.

If there is insufficient room, use the balance of the last page and indicate you are continuing on that page.
You may ask only one question during the examination: “May I go to the washroom?”

Asking any other question will result in a deduction of 5 marks from the exam grade.

If you think a question is ambiguous, write down your assumptions and continue.

Do not leave during first hour or after there are only 15 minutes left.

Do not stand up until all exams have been picked up.

If a question only asks for an answer, you do not have to show your work to get full marks; however, if your
answer is wrong and no rough work is presented to show your steps, no part marks will be awarded.



1. [1] For a given complex number z, suppose you know that 1.2z% + 3.2z% — 1.5z + 2.3 = 4.53 — 3.25j. What is this
polynomial (the left-hand side of the equation) equal to when evaluated at z*?

2. [3] Evaluate the following expression when z = —224j, and write the result in the rectangular representation:
73— 27% + 3jz
—2jz2 + 4jz+ 6

You should make an attempt to simplify the expression first. You will know if you have the right answer.

3. [2] Simplify the expression —(445°)*(64 — 7°)? so that the result is of the form rz6. Note that the star is
conjugation, and not multiplication.

0
4. [2] Justify why all two-dimensional vectors of the form ( z ) where z can take on any complex value, is not a
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VA
subspace of C3.

5. [2] Given that x = (2, 1, 1/2, 1/4, 1/8, ...) and y = (1, 1/4, 1/4%, ...), find proj,(x) given that Z;%:g,

w 1 8 w 1 4 - 1 2
Zkzos_k:7’ zk:o4_k:§ and z“’z_k:?



6. [1] You have a drone that has a camera mounted in the center of the top of the drone. The camera can rotate 360°
and can angle down to 5° below the surface defined by the rotors. The center of the drone is at coordinate u and the
unit normal vector that points in the direction perpendicular to the top surface of the rotors is fi. If an objective is at
location v, what calculation would you make to see if the camera can view the objective at v?

4 1 5
6. [1] Apply Gram-Schmidt to the three vectors u; = <3> u, = (1) and u; = (4)
0 0 2

7. [2] Write down the system of linear equations that must be solved to find all solutions that balance this reaction:
aNaHCO; + bHC,H30, = cNaC,H30, + dCO; + eH,0

8. [3] You have four 3-dimensional vectors, and you find that

1 2.4 6.8 3.2 5 2 4 1
-1 -14 -38 23)~{0 2 6 3
5 2.0 4.0 1.0 0 0 0 4

Find a basis for the span of these four vectors. What is the dimension of the span? What linear combination of the
basis vectors chosen by our algorithm equal those vectors that were discarded by the algorithm?

9. [2] If A:R" — R™, for each statement on the right, enter the relevant value of a, b, ¢ or d:

a. rank(A) =m __ Aisonto

b. rank(A) = n _____Alisone-to-one

c. rank(A) <m _____ There are no free variables when solving Au = On

d. rank(A) <n _____ Thereisavector v in R™ for which no solution to Au = v exists

e. rank(A) >m
f. rank(A) > n



10. [3] The determinant is the change in area/volume/hyper-volume for a matrix A:R" — R", and det(BA) =
det(B)det(A). Explain why the determinant of the identity matrix must be 1. Next, if det(R«re) = «, explain why the
determinant of a diagonal matrix is the product of the diagonal entries. Finally, if det(R«ri— r;) = 1, explain why the
determinant of an upper-triangular matrix is still equal to the product of the diagonal entries.

11. [2] Assume you have found two complex vectors u; and u; that are two different solutions to Au = v for some
complex target vector v. Show that there must be infinitely many solutions to the given system of linear equations
by showing that au; + (1 — @)uz is also a solution to Au = v for all complex scalars c.

5 0 2
12. [1] What are the eigenvalues of the matrix A = (—2 -1 —1)?
0 5 1

13. [5] What is a basis for the null space and a basis for the range of the linear mapping defined by
0.2 02 -09 01 -0.2
A= ( 4.0 4.0 20 6.0 8.0>

—-0.6 —0.6 47 0.1 1.8



14. [2] Prove that the composition of two isometric operators (each satisfying ||[Aulfz = [Jull2) is itself isometric.
Recall that (BA)u is by definition B(Au). You must use this fact.

15. [3] Suppose that we sampling data once per second for a total of four samples: (1, 3), (2, 3), (3, 4), (4, 5). What
is the least-squares best-fitting line y = at + b that passes through these four points?

16. [4] For linear operators A, B:C" — C", if A and B are normal (AA" = A"A) and AB = BA , show that AB and
A + B are normal. You must show each step.

17. [2] Given the PLU decomposition A = PLU where
12 59 0 1 1 0)-16 1.2 13
Au = u= u= ,
[—1.6 1.2) (1 0 ][—0.75 1 j( 0 6.8) ( 0.8)

. . 3 . o .
solve this for the vector u given the target vector v :[ 0 8] using the PLU decomposition shown in class.

18. [1] Recalling that rank(A) = rank(AT), what is the maximum dimension of the range 4: R” - R*.



19. [2] If A'is a real orthogonal matrix (a real isometric operator), for what values of « is @A still an orthogonal
matrix? Indicate which properties you are using to make this statement.

20. [4] Prove that the eigenvalues of a self-adjoint linear operator are real.

125 075 125 -0.25
075 125 -025 1.25
21. [4] Given the matrix A= , you know the eigenvalues are —1, 1, 2, 3. Find an
125 -025 125 0.75
-025 125 075 125

eigenvector corresponding to the eigenvalue 2. Please use partial pivoting.



22. [2] Suppose a plane in R® is described by u + a v + Sw where u is not the zero vector and the three vectors are
linearly independent (so the plane does not pass through the origin). What are the properties of the ideal values of
the three vectors that describe this plane, and if these three vectors did not satisfy those ideals, how would we find
three corresponding vectors that do have these properties?



Properties of fields:
1. Afield is closed under addition and multiplication.

Addition and multiplication are associative:(a + ) +y =a+ (B +y) and(a-B) -y =a- (B - y).
Addition and multiplication are commutative: e + § = +aanda - = a.

Thereisa O such that ¢ + 0 = a.

Thereisalsuchthata -1 = a.

Existence of additive inverses: given «, there isa —a such that a + (—a) = 0.

Existence of multiplicative inverses for non-zero values: given a, there isan a™! such that a - (a™1) = 1.
Multiplication distributes across addition: @ - (8 +y) = (a - B) + (a - y).
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Properties of vector spaces: Given any vectors u, v and w and scalars «and £, the vector space is closed under vector
addition and scalar multiplication. Additionally,
1. 1-u=u
ut+v=v+u
ut+(v+w)=(u+v)+w
a(u+v)=au+av
(e +pB)u=au+ fu
a(fu) = (af)u
There existsa O suchthatu + 0 = u
Given u, thereisa—-usuchu+ (-u)=0
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Properties of the inner product for real vectors:
1. symmetric as (u,v) = (u, v),
2. bilinear as (au + Bv,w) = a{u,w) + S(v,w) and (u, av + fw) = a(u,v) + S{u, w), and
3. positive definite, (u,u) = 0 and (u,u) = 0 if and only if u = 0.

Properties of the inner product for complex vectors:
1. conjugate symmetric, as (u, v) = (v,u)* and
2. sesquilinear as (u, av + fw) = a{u,v) + B(u,w) but (au + fv,w) = a*(u,w) + g*(v,w), and
3. positive definite, (u,u) = 0 and (u,u) = 0 ifand only if u = 0.

Properties of a norm:
1. |lu|| = 0and ||u]| = 0ifand only ifu = 0,
2. |laull = |a||lull, and
3. Mu+ vl < [lull + Ivll.

1_rn+1

de
lull, Z Vww [u )l < Hulllvl, S ==
From calculus, recall that for functions of a real variable x mapping on to the reals, e* and x? are both one-to-one but
not onto, X2 — X is is onto but not one-to-one, and x and x are both one-to-one and onto, and x? and xe* are neither one-
to-one nor onto.

Description Property A:R" > R" A:C" > C"
Adjoint (Au,v) = (u,A*v)  The transpose denoted AT  The conjugate transpose denoted A"
Self-adjoint A=A" A is symmetric A is conjugate symmetric
Skew-adjoint A=-A" A is skew-symmetric A is conjugate skew-symmetric
Isometric |Au]l, = [Jull, A is orthogonal Ais unitary

How to prove by contradiction:
Assume that the exact opposite of what you want to prove is true.

Using correct mathematics, show that this assumption leads to a logical contradiction.
As a truth cannot lead to a contradiction, the assumption must be false.
Thus, the opposite of the assumption (that is, what you originally wanted to prove) must be true.
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Example: prove that v/2 is irrational (the ancient Greeks figured this one out).
Proof:
Assume v/2 is rational. If this is true, there must exist two integers m and n such that v/2 = % where m and n share no common

2 2
factors (that is, -~ is in lowest terms). Thus, 2 = (%) =, 50 2n* = m?. Thus, m must be divisible by 2. Therefore, we may
7\ 2 57)2 772
write m = 27 where i = % Therefore, 2 = (sz) = (2:;) = 47112, so 2n? = 472 and dividing both sides by 2, we get n? =

272, However, now we see that n is divisible by 2! Our assumption was that m and n had no common divisors, and yet we have
shown that if +/2 is rational, then both the numerator and denominator must be divisible by 2. Therefore this is a contradiction, and
thus V2 is not rational; that is, V2 is irrational.



