ECE 604- PSET 5 Solution

1. a) Define Y,, = Xy_,, for some N fixed. It can be taken to be 0 wlog.
We need to show IP{Y,, 11 € A|Yo, Y1, -+, Yo} = P{Y,+1 € A|Y,,}.
By abuse of notation:

P(Y,11 € A Yy, Y1, -+, Y,)
P(Yo, -, V)
P(X_(ni1) € AT P(X 41| X4)
P(X [ Tpey P(X g1 | X p)
IP(X—(n—H) S A)
P(X_,)
— PV € AlY,)

P(Yop € AlYo, -+, Ya) =

Establishing that it is Markov in reverse time.

b) The reverse chain need not be homogeneous even when {X,,} is unless {X,,} is stationary.
To see this: Let Q; j(n) =P (Y11 = j|Y, =1)
Then:

Qi,j(n) = P(Yar1 = j|Yn =1)
]P(YnJrl = ja Y, = Z)
P(Y, =1)
Pjimi(—n)
mi(—n)

where 7j(—n) = IP(X_, = j). Since this depends on n the transition probabilities of {Y¥},}
depend on n and so the process is not a HMC.

If {X,} is stationary then m;(n) = 7; and then:
T
Qij=Pji*

Uy

and then {Y,,} is a HMC.

P(Xpo1 =i, Xni1=j|Xn = k) = P(Xp_1 = i| X, = H)P(Xps1 = j|Xn = k)

by the conditional independence of the future and past given the present property of Markov
processes.

Therefore using the previous result above we obtain:

. . T
P(Xp1=10Xpnn1 =jlXn=k) = PikTTkij

2. This problem has been solved in the notes. See section on coupling. (End of the Chapter)



3. Let fi; =IP(1; < 00| Xg = i) = IP(X,, = j eventually| Xo = 1)
The first part is easy.

We now show:

From 1-step analysis:

ij — (/A
Hence: -
sup P < 3 £ = £
m=1
Now: -
Nj = 221 Lix,=j
So: - -
E;i[V;] = Z Eillix,—j] = Z Pz(gm)
n=1 m=1
Now:

Noting that:
Lr=m) = L[X0 5, X045, Xmo1£5:Xm=1] < L[ Xm=j]
The result follows since

fi= S Bl ] € S By, = S PO
m=1 m=1

m=1

4. We know from 1-step analysis that:

() _ N~ p(m) p(n—m)
P —Z_:lfij Py

To prove this result we use the following result

Let up =1 and > 72, fr = 1, with fo = 0 and

n
Up = Z fk:un—k
k=1

Then:



Proof: Take z-transforms on both sides with U(z) = Y22, urz® and F(z) = Y00, fuzh =
SRy ezt

Now °7° ; upz¥ = U(z) — 1 since ug = 1. Therefore taking z-transforms on both sides

or

(From the final value theorem:

Hence: 1
lim u, = ’ =
n 1 F( ) z=1

Noting F(1) = Y 72 fr = 1 by assumption, we have via ’'Hospital’s rule:

. -1 1
lim u,

s = —ele = el
_
2kt Kk

(n)

Applying this result taking u,, = P](Jn) and fn = f;;” we obtain:

1 1
lim P = =
n—oo JJ Zzo:l nf](]”) Ej [Tj]

So if j is recurrent we know E;[7;] = oo while if j is positive recurrent E;[7;] < oo.

Now using the fact that if z,, — x then % Y p—q T — « it readily follows that

. 1 N n m n— m
A = LSS
= Jim > £ ZP(" "L
m=1

1 N ®) fii
o p) _ _Jij
= fiy Jim =3 P A
&0 p=0 J

]

5. {X,} is ergodic which implies that the states are positive recurrent and hence E;[7;] < oo.

We know that 7; = Evl[r}'
JL'




Therefore:

E[r] = Y E[r|Xo=j]P(Xo =)
JEE
= Z EJ’[TJ’]WJ
JEE
1

= Z;WJZ|E|

jeE "J

Hence if |E| = oo the mean return time is infinite. This does not contradict positive recurrence
because what positive recurrence states is that for every state the expected return time to that
state is finite. Since there are in infinite number of states, cycling through all of them is a
countable number of finite terms which is infinite.

. First, note that the sequence {7,} is a sequence of stopping or Markov times with 7, — oo as
n — oo since X, is positive recurrent.

Let Y,, = X, then by ergodicity:

N
Ty (i) = = lim N Z 1y, =g = z:: (X, =]
Also by the ergodic theorem for MC:

1 &
= Jim, 2 L=

Furthermore:

N
lim — = Fraction of time X, € Y = ZT(
N—oo TN ey

Now the number of times in [0, N| Y,, is in state i € Y i.e. Z —1 L[y, —iicy] is the same as the
number of times in [0, 7;,] that X, =i,1 € Y.

Hence:
) .o1nv 1
Ty (i) = A}Eﬂooﬁ-fn 11[Xm=i}
1 ™ 1
= im —.—
Nooo N N [Xn 1
_ z]-[zeY]
Z]EYT‘-J
Now:

0.25 0.75 0
P=105 025 025
0 0.5 0.5



Let us first find the stationary distribution 7 that satisfies 7 = 7P which gives:

T, = 0.25m, + 0.57,
my, = 0.75m, + 0.257, + 0.57,
. = 0.25m + 0.57,

Using the fact that 7, + 7, + 7. = 1 we can solve for 7.

i) If Y = {a,b} we obtain using the result above:

my(a) = wa? ™ %

Ty (b) = mjijwb - g
ii) Y = {a, c} we obtain:

mvla) = Wa? T ;

() =

Let us now obtain this result the long way i.e. by calculating the probability transition matrix
for the reduced state space chains i.e. for Y¥,, = X, .

Case 1)
Qap = P(Yni1 = b]Yn =a)
Then:
Ous - Pap + PacPet + PacPoePey + Pac PPy + . ..
oo
= Pab+Pac<ZPt:ic>PCb
i=0

=P,y =0.75 since P,e =0
Now Que =1 — Qup = 0.25 and similarly we have
1
Qba:Pba+Pb07Pca:Pba:0'5
- Pcc
and Qpp =1 — Qp, = 0.5.

Now solving for my = my@Q we obtain 7y (a) = 2 and 7y (b) = 2 that coincides with our earlier
answer.

Case ii) when Y = {a, c}.

)

Qac = Pac+ Pa (ZP&;) Py
=0

1

= W
—_
|
ST
>~ =



Therefore Quq =
Similarly:

L[S

Qca = Pca+Pcb (Zpbb> Pba

i=0
1

3

2

and hence Q. = 3.

Once again solving for my = m,Q gives: 7y (a) = % and 7y (¢) = %

. This equation represents the evolution of a M/G/1 queue viewed at departure times (to under-
stand what this means you will need to take ECE 605)

From the recursion:
Xn+1 = (Xn - 1)+ + M

where 7,, is an i.i.d sequence independent of {X,,,u < n} implies that: {X,,} is a Markov chain
defined on {0,1,2,---}.

One way to obtain the stability conditions (conditions for positive recurrence) is by using Pakes’
lemma which gives:

EX,11—Xu|Xn=1i = —1+E[p,], i>1
= E[n,) ,i=0

Hence if E[n,] < 1 by Pakes’ lemma {X,,} is positive recurrent.

For E[n,] < 1 we need pg > 0, po +p1 < 1 and > 32 kpr < 1 where pp = P(n9 = k). On the
other hand if E[ng] > 1 then E[X,,] — oo and the process is not positive recurrent.

. In this problem we will compute the distribution of the coupling time exactly.

Let {X,} and {Y,} be two independent Markov chains on {1,2} with the same transition
probability matrix given by:
l1-a «
P =

Let the coupling time denoted by 7 be defined by:

r=inf{n>1:X, =Y,|Xo=1,Y =2}

Then:
IP(T > n) = IP(X1 75 Y1, Xo 75 Yo,..., X, 75 Yn|X0 =1Y = 2)

Now since the chains are independent:

IP(X() = Xl,XQ = Xl,-”,Xn = Xn_l;Y() = Yl,...,Yn = Yn—l) = (1 — Oé)n(l —ﬂ)n



Clearly since we start out fro different states X,, # Y,, if and only if the both jump at the same
time i.e. X from 1 to 2 and Y from 2 to 1.

Probability of 1 simultaneous jump is (7)a(l —a)"13(1 — )" !

Similarly they will be unequal iff they continue to have simultaneous jumps. For 2 simultaneous
jumps the probability is (5)a?(1 — a)"24%*(1 — 3)" 2, etc.

Hence:

Pr>n) = Y (Z) (1—a)"Fah(1 - )" rp"

k=0

= (1-a)(1-p)+ap)"

But (1 -a)(1—-p8)+aB <1—(a—B)?< 1 since both o, 3 < 1.

This establishes the fact that the coupling time has a geometric distribution establishing geo-
metric ergodicity.

. The solution to this problem is exactly as in Problem 6.
Indeed let us do it directly:

BY definition of 7y we have

TN
Y lwea =N
k=1

Therefore:
™
lim — = lim — 1
Ngnoo TN Ngnoo TN —1 [XeA]
= Ex[lix,eq] by SLLN for Markov chains
Therefore:




