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Boolean Satisfiability (CNF-SAT)

Let V be a set of variables
A literal is either a variable v in V or its negation ~v
A clause is a disjunction of literals
e e.g., (v1 || ~v2 || v3)
A Boolean formula in Conjunctive Normal Form (CNF) is a conjunction
of clauses

e e.g., (V1| ~v2) && (v3 || v2)
An assignment s of Boolean values to variables satisfies a clause c if it
evaluates at least one literal in ¢ to true

An assignment s satisfies a formula C in CNF if it satisfies every clause
in C
Boolean Satisfiability Problem (CNF-SAT):

e determine whether a given CNF C is satisfiable

%) WATERLOO



CNF Examples

CNF 1

e ~b

*~a|l~b]l~c

°a

e sat: s(a) = True; s(b) = False; s(c) = False

CNF 2
e ~b
*~al|lb]|l~c
°a
e ~allc
e unsat
WATERLOO



Algorithms for SAT

SAT is NP-complete

DPLL (Davis-Putnam-Logemman-Loveland, ‘60)

e smart enumeration of all possible SAT assignments
e worst-case EXPTIME

* alternate between deciding and propagating variable assignments

CDCL (GRASP ‘96, Chaff ‘01)
e conflict-driven clause learning
e extends DPLL with

— smart data structures, backjumping, clause learning, heuristics, restarts...
e scales to millions of variables

e N. Een and N. Sorensson, “An Extensible SAT-solver”, in SAT 2013.

UNIVERSITY OF
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Background Reading: SAT
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Some Experience with SAT Solving

Speed-up of 2012 solver over other solvers
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from M. Vardi, https://www.cs.rice.edu/~vardi/papers/highlights15.pdf
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SAT - Milestones

Problems impossible 10 years ago are trivial today

year |Milestone

1960 Davis-Putnam procedure Con Cept
1962 Davis-Logeman-Loveland 2002 20 O
1984  Binary Decision Diagrams

Results of the SAT competition/race winners on the SAT 2009 application benchmarks, 20mn timeout

1992 DIMACS SAT challenge & | Q | AR
erkmin 56 2 ] *
. . o} Forklift 03 P v .
1994  SATO: clause indexing ol B e LY : o |
e R B
1997 GRASP: conflict clause s Poomo 5. 7 Lo Lo
learning o D msaos S m L Te o -
_ Glucose 09 = r] W °ewPE o
é . Cllf\i'sp(?ngliniwl [ ] £ v e'v - ¥
1998 Search Restarts S Ut e ;:/ . &&9
'75 00 [¢] inisat 2.2 @ P “x/ b ( i
2001  zChaff: 2-watch literal, VSIDS i / ¥ g
2005 Preprocessing techniques 7w > |
2007 Phase caching
2008 Cache optimized indexing 0 I
. [Le Berre'l0]
2009 In-processing, clause |
management M.II. Of(] 20 40 60 . biO - 10.01. , 120 140 160 180
I Ions o umber of problems solve
2010 Blocked clause elimination variables from
@ HW designs 7

Courtesy Daniel le Berre



ENCODING PROBLEMS INTO
SAT
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Graph k-Coloring

Given a graph G = (V, E), and a natural number
k > 0 is it possible to assign colors to vertices of
G such that no two adjacent vertices have the
same color.

Formally:

» does there exists a function f: V - [0..k) such that
e for every edge (u, v) in E, f(u) != f(v)

Graph coloring for k > 2 is NP-complete

Problem: Encode k-coloring of G into CNF

e construct CNF C such that C is SAT iff G is k-
colorable

B WATERLSO https://en.wikipedia.org/wiki/Graph_coloring




k-coloring as CNF

Let a Boolean variable f, ; denote that vertex v has color /
o if f,; is true if and only if f(v) = i

Every vertex has at least one color

\/ S (veV)

No vertex is assigned two colors

N foiV=fus) (veV)

0<i<j<k
No two adjacent vertices have the same color

N (AfoiV=fui) ((v,u) € E)

10



Davis Putham Logemann Loveland

DPLL PROCEDURE

IIIIIIIIIIII
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Syntax of Propositional Logic (PL)

truth_symbol ::= T (true) | L (false)

variable :=p,q, 1, ...
atom ::= truth_symbol | variable
literal ::= atom|—-atom
formula ::= literal |
—formula |
formula A formula |

formul

formul

a V formula |

a — formula |

formul

IIIIIIIIIIII

a < formula
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Decision Procedure for Satisfiability

Algorithm that in some finite amount of computation decides if a given
propositional logic (PL) formula F is satisfiable

 NP-complete problem

Modern decision procedures for PL formulae are called SAT solvers

Naive approach
e Enumerate truth table

Modern SAT solvers
e DPLL algorithm
— Davis-Putnam-Logemann-Loveland

* Operates on Conjunctive Normal Form (CNF)

IIIIIIIIIIII
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Conjuctive Normal Form

p Y =CNF @ > YNANY =
p — Y = CONF VY
=(p V) = CNF - A\ =)
—(p A ) = CNF i V =)
2 — CNF ©

(e AY)VE =conr (PVE) AW VE)

Every propositional formula can be put in CNF

PROBLEM: (potential) exponential blowup of the resulting formula

IIIIIIIIIIII
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Tseitin Transformation — Main Ildea

Introduce a fresh variable e, for every subformula G;
of F

e intuitively, e; represents the truth value of G;
Assert that every e; and G; pair are equivalent
ce — G

e and express the assertion as CNF

Conjoin all such assertions in the end

IIIIIIIIIIII
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Clauses — CNF conversion

cnf(p) = let(q,F)=cnf(p)ingA F

cnf'(a) (a, true)

cnf(p A @) =let(q,F,) = cnf(op)
(r, F3) = cnf(¢)
p = fresh Boolean variable
in
P, FrAFon(=pv g)na
(=p Vv A
(Pv—=qv=r)

Exercise: cnf (¢ v @), cnf (¢ <> ¢’), cnf (= @)

IIIIIIIIIIII
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Formula to CNF Conversion

mk_fresh var() returns a fresh

def cnf (9): variable not used anywhere before

p, F = cnf_rec (¢)
return p A F

def cnf_rec (¢):
if is_atomic (¢): return (¢, True)
elif ¢ == ¢ N E:
q, F; = cnf_rec (¢)
r, F, = cnf_rec (§)

p = mk_fresh_var ()
# C is CNF for p<>(q/\r)
C=(GpVAAGPVPr)A(pV-qV=-r)
return (p, F,/AF,/\C)

elif ¢ == PVE:

Exercise: Complete cases for
R ¢ ==YV, ¢==-W, ¢ == Y

2 WATERLOO 17



Tseitin Transformation: Example

@

. €9/ (€9 (p=>€9)) N (€44 (1))

OBE® 1 ¢ (g 7)

| T 1
/\/—l\/\

0

<

|

()

<
vj/\/v
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Tseitin Transformation: Example

IIIIIIIIIIII

G:pe(@-or)

G:ep/ (e (pireq)) N (e ()

eo <> (p <> €1)

(€0 = (p > €1)) A ((p <> e1)) = eo)
(eg = (p —e1)) A(eg — (e1 = p)) A
((pAer) V(mpA—er)) = eo)

(meg VpVer)A(—egV—er Vp) A
(—pV —e1 Veg) AlpVerVeg)

19



Tseitin Transformation: Example

G:pe(@-or)

€0

6 G:eg/ (e (psreq)) A (g (g—1))

Q Q G :epN(—eyvV—pve,) N (—eyVpV—ey) A (e

vpve,) A (eV—pV—e,) A

@ 0 (—e; V—qVvr) A (e;Va)A (e, V—r)

IIIIIIIIIIII
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Tseitin Transformation [1968]

Used in practice
* No exponential blow-up
e CNF formula size is linear with respect to the original formula

Does not produce an equivalent CNF

However, given F, the following holds for the computed CNF F’:
e F’is equisatisfiable to F

* Every model of F’ can be translated (i.e., projected) to a model of F
e Every model of F can be translated (i.e., completed) to a model of F’

No model is lost or added in the conversion

UNIVERSITY OF

WATERLOO
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Propositional Resolution Rule [ Pivot

CVp DV p
CVD

\L Resolvent }

Soundness: Conjunction of the antecedents implies the
resolvent.

Completeness: A set of clauses F is UNSAT if and only if
there is a resolution derivation of an empty clause from it.

IIIIIIIIIIII
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Resolution Proof

A refutation of =pV —-qVr, pVvVr, qVr, —-r:

pV-qVr

\/

“pV g

NS
7

Completeness Theorem. A set of clauses F is UNSAT iff
there is a resolution derivation of an empty clause from it

UNIVERSITY OF

%) WATERLOO
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Resolution Proof Example

Show by resolution that the following CNF is UNSAT

—“bA(maVbV-c)ANaA (—aV c)

—a VbV —c a

b\ —c b a —-a V ¢

IIIIIIIIIIII
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SAT solving by resolution
Formula must be in CNF

CVp DV-p
CvD

Resolution rule:

qvtvp  qVrVv-p

Example:
qVvVtVvr

The result of resolution is the resolvent (clause).
Original clauses are kept (not deleted).
Duplicate literals are deleted from the resolvent.

Note: No branching.

Termination: Only finite number of possible derived
clauses.

IIIIIIIIIIII
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Unit & Input Resolution

: : cve =4 .

Unit resolution: — y (C v £is subsumed by ()
: Cve  DV—f

Input resolution: Y D Y (C v £ member of input F).

(Optional) Exercise:
Set of clauses F:
F has an input refutation iff F has a unit refutation.

IIIIIIIIIIII
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DPLL

DPLL: David Putnam Logeman Loveland = Unit resolution + split rule.

Fp | Fop split pand —p arenotinF

F, Cvt,—~f

nit
F,C,—f

Ingredient of most efficient SAT solvers

IIIIIIIIIIII
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The original DPLL procedure

Tries to build incrementally a satisfying truth
assignment M for a CNF formula F

M is grown by
e deducing the truth value of a literal from M and F, or
e guessing a truth value

If a wrong guess for a literal leads to an

iInconsistency, the procedure backtracks and tries
the opposite value

IIIIIIIIIIII
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DPLL

IIIIIIIIIIII
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DPLL

Guessing

IIIIIIIIIIII

pl pvag —qvr

v

p,—q|lpvag —-gqvr

30



DPLL

Deducing

IIIIIIIIIIII

pl pvag —pvs

v

p,slpvqg —pvs

31



DPLL

Backtracking

p,—S, g | pvag,svag,—pv-—q

v

p,s|pva,svaq,—pv-qQ

IIIIIIIIIIII
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Pure Literals

A literal is pure if only occurs positively or negatively.

Example :
p=(=x1 Vxo)A(x3 V-x2)A(xaV—x5)A(X5V —xa)
—x1 and x3 are pure literals

Pure literal rule :
Clauses containing pure literals can be removed from the
formula (i.e. just satisfy those pure literals)

P-xixz = (X4 V 7x5) A (x5 V xa)

Preserve satisfiability, not logical equivalency!

IIIIIIIIIIII
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DPLL (as a procedure)

IIIIIIIIIIII

» Standard backtrack search
» DPLL(F) :

>

| 2
>
-
>

Apply unit propagation

If conflict identified, return UNSAT
Apply the pure literal rule

If F is satisfied (empty), return SAT
Select decision variable x

» |f DPLL(F A x)=SAT return SAT
» return DPLL(F A —x)

34



The Original DPLL Procedure — Example

assign 1v2,2v-3vd 12,
Deduce 1 ~1v-3v-4

1 1v2,2v-3vd —-1v-2
Deduce —2 - Tv=3v-4,1

1, 2 1v2,2v=-3vd —-1v-2,
Guess 3 - 1v=3v—-41
1,2, 3 1v2,2v-3vdd —-1v-2,
Deduce 4 ~1vo3dva4,t
1, 2, 3, 1v2,2v-3vid —1v—-2,

4 —1v-=3v—-41

Conflict

IIIIIIIIIIII



The Original DPLL Procedure — Example

assign 1v2,2v-3vd 12,
Deduce 1 ~1v-3v-4

1 1v2,2v-3vd —-1v-2
Deduce —2 - Tv=3v-4,1

1, 2 1v2,2v=-3vd —-1v-2,
Guess 3 - 1v=3v—-41
1,2, 3 1v2,2v-3vdd —-1v-2,
Deduce 4 ~1vo3dva4,t
1, 2, 3, 1v2,2v-3vid —1v—-2,

4 —1v-=3v—-41

Undo 3

IIIIIIIIIIII



The Original DPLL Procedure — Example

assign

Deduce 1

1
Deduce —2

1, 2
Guess -3
1,2, 3

Model
Found

IIIIIIIIIIII

1v2,2v-3vd —-1v-2,
—|1V—|3V—|4,1

1v2,2v-3vd —1v-2,

1v2,2v=-3vd —-1v-2,

—|1V—|3V—|4,1

1v2,2v-3vd —-1v—-2,

—|1V—|3V—|4,1




An Abstract Framework for DPLL

The DPLL procedure can be described declaratively by simple sequent-
style calculi

Such calculi however cannot model meta-logical features such as
backtracking, learning and restarts

We model DPLL and its enhancements as transition systems instead

A transition system is a binary relation over states, induced by a set of
conditional transition rules

%) WATERLOO 38



An Abstract Framework for DPLL

State

o failorM | F
e where

— F is a CNF formula, a set of clauses, and
— M is a sequence of annotated literals denoting a partial truth assignment

Initial State

2 | F, where F is to be checked for satisfiability
Expected final states:

e fail if F is unsatisfiable
M| G
where
— M is a model of G
— G is logically equivalent to F

IIIIIIIIIIII
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Transition Rules for the Original DPLL

Extending the assignment:

MEe-C
UnitProp M| F, CvI—>MI|F,Cvl
| is undefined in M

. | or =l occur in C
Decide MJ|F,C —>MI|F,C . o
| is undefined in M

Notation: |19 is a decision literal

IIIIIIIIIIII
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Transition Rules for the Original DPLL

Repairing the assignment:

_ M= -C
Fail M| F, C — fail
M does not contain

decision literals

. MI¢N=-C
Backtrack MIN || F,C—> M-l | F,C . .
| Is the last decision

literal

IIIIIIIIIIII
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Transition Rules DPLL — Example

IIIIIIIIIIII

V—|3V—|4,1

111v2,2v-3v4 -1v—-2,-1v-3v
— 4, 1

,211v2,2v-3vé4 -1v-2,-1v
—|3V—|4,1

1,2,3|1v2,2v-3v4 —-1v-2,-1v
—|3\/—|4,1

1,2,394|1v2,2v-3v4d —=1v—
2,ﬁ1\/—|3\/—|4,1

UnitProp
1

UnitProp
—2

Decide 3

UnitProp
4

Backtrack
3

42



Transition Rules DPLL — Example

IIIIIIIIIIII

V—|3V—|4,1

111v2,2v-3v4 -1v—-2,-1v-3v
— 4, 1

,211v2,2v-3vé4 -1v-2,-1v
—|3V—|4,1

1,2,3|1v2,2v-3v4 —-1v-2,-1v
—|3\/—|4,1

1,2,3[|1v2,2v-3v4-1v—-2,-1v
—|3V—|4,1

UnitProp
1

UnitProp
—2

Decide 3

UnitProp
4

Backtrack
3

43



Transition Rules for the Original DPLL

Me -C

UnitProp M| F, Cvli—>MI]| F,Cv|{
| is undefined in M

. | or =l occur in C
Decide M|F,C—>MIC|F,C | o
| is undefined in M

_ Me—-C
Fail M| F, C — fail
M does not contain
decision literals
MIdNE-C
Backtrack MIN[F,C—o>M-l| .
F.C | is the last decision literal

IIIIIIIIIIII
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The Basic DPLL System — Correctness

Some terminology

e Irreducible state: state to which no transition rule applies.

e Execution: sequence of transitions allowed by the rules and starting with
states of the form 2 | F.

o Exhausted execution: execution ending in an irreducible state

Proposition (Strong Termination) Every execution in Basic DPLL is
finite

Proposition (Soundness) For every exhausted execution starting with @
I Fand endinginMIF, M=F

Proposition (Completeness) If F is unsatisfiable, every exhausted
execution starting with 2 | F ends with fail

Maintained in more general rules + theories

UNIVERSITY OF
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Modern DPLL: CDCL

Conflict Driven Clause Learning

Two watched literals
Periodically restarting backtrack search
Clausal learning

More details at
http://gauss.ececs.uc.edu/SAT/articles/FAIA185-0131.pdf

IIIIIIIIIIII
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Conflict Directed Clause Learning
Lemma learning

—t,p,q,s |tv—=pvag —qvVvs,—apv—s

—t,p,q,s|tv=pvag, —qvVvs,—pVv-—s |—pv—s

—t,p,q,s|tv—=pvag —qvVvs,apv s |—pv—Q

—t,p,q,s|tv—=pvag —qvVvs,apv—-s|—pvt

IIIIIIIIIIII
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Learned Clause by Resolution

tV —pVq —q V S
tV-pVs

—pV TS

—p Vi

IIIIIIIIIIII
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Modern CDCL

Initialize €| F F is a set of clauses

/~  Decide M|F =>M,¥¢ | F ? is unassigned

Propagate M |F,Cv¢ = M,¢V¢ | F,Cv¢  Cis false under M

\ Sat MI|F =M F true under M

4 Conflict M|F,C =M | F,C|C C is false under M I
Learn M|F|C=M| F,C|C

. Unsat M|F |0 = Unsat S /7/7/.

Q. CF

Backiump ~ MM'|F|Cv+¢= M{V¢| F CcM-LeM %/
Resolve M|F|Cv—-¢=M]|F|CVC NteMm
Forget M|F,C = M| F C is a learned clause
Restart M|F= €| F [Nieuwenhuis, Oliveras, Tinelli J. ACM 06] customized
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FIRST ORDER LOGIC

IIIIIIIIIIII
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The language of First Order Logic

Functions , Variables, Predicates
ef, Q... X,V Z ... P, Q, = <, ...

Atomic formulas, Literals
* P(x,f(y)), —Q(y,z)

Quantifier free formulas
* P(f(a), b) A c =g(d)

Formulas, sentences
* Vx. Vy.[P(x, f(x)) v g(y,x) =h(y) ]

IIIIIIIIIIII

51



Language: Signatures

A signature X is a finite set of:
e Function symbols:

Ye={fg + ...}
e Predicate symbols:
>p ={ P, Q= true, false, ... }

e And an arity function:
> —>N

Function symbols with arity O are constants
e notation: f,, means a symbol with arity 2

A countable set V of variables
e disjoint from X

IIIIIIIIIIII
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Language: Terms

The set of terms T(Z¢ ,V) is the smallest set
formed by the syntax rules:

ofte T =V veV
|  f(t,, ..., L) fe e, ty, ..., 1,eT

Ground terms are given by T(Z¢ ,9)

IIIIIIIIIIII
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Language: Atomic Formulas

aeAtoms =P, ..., 1)
PeXt, .. teTl

An atom is ground if t,, ..., t, € T(Zg ,9)

Literals are (negated) atoms:
| € Literals :=a|—a a € Atoms

IIIIIIIIIIII
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Language: Quantifier free formulas

The set QFF(Z,V) of quantifier free formulas is the
smallest set such that:

o €QFF .= a e Atoms atoms
— @ negations
Q< Q bi-implications
OAQ conjunction
QVvQ disjunction
Qo —> @ implication

95



Language: Formulas

The set of first-order formulas are obtained by adding
the formation rules:

Q= ...
| VX.o@ universal quant.
| dx. ¢ existential quant.

Free (occurrences) of variables in a formula are theose
not bound by a quantifier.

A sentence is a first-order formula with no free
variables.

IIIIIIIIIIII
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Dreadbury Mansion Mystery

Someone who lived in Dreadbury Mansion kill Aunt Agatha.
Agatha, the Butler and Charles were the only people who
lived in Dreadbury Mansion. A killer always hates his victim,
and is never richer than his victim. Charles hates no one
that aunt Agatha hates. Agatha hates everyone except the
butler. The butler hates everyone not richer than Aunt
Agatha. The butler also hates everyone Agatha hates. No
one hates everyone. Agatha is not the butler.

Who killed Aunt Agatha? =~ =~ s

awy -

N ER

IIIIIIIIIIII
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Dreadbury Mansion Mystery
killed/s, hates/o,richer/2,a/0,b/0,¢/0

Az - killed(x, a)

Vo - Yy - killed(x,y) = (hates(z,y) A —richer(x,y))
Vx - hates(a,x) = —hates(c, )
hates(a,a) A\ hates(a, c)

Va - —richer(x,a) = hates(b, x)

Vx - hates(a,x) = hates(b, x)

Va - dy - —hates(z,y)
aF#b

L NZNZNZNZNZNZN

IIIIIIIIIIII

~—~~ A~ ~ —~ —~ —~ —~
N O Ot = W N =
—_— — — — — — — —

oo
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Models (Semantics)

A model M is defined as:
e Domain S; set of elements.
e Interpretation, M : S" —S for each f € X¢ with arity(f) = n
e Interpretation PM < S"for each P e X with arity(P) = n
e Assignment xM ¢ S for every variable x € V

A formula ¢ is true in a model M if it evaluates to true under the
given interpretations over the domain S.

M is a model for the theory T if all sentences of T are true in M.

%) WATERLOO 59



Models (Semantics)

A term tin a model M is interpreted as:
e Variable X € Vs interpreted as xM
o f(t, ..., t)is interpreted as M(a,, ..., a,),
—where t; is interpreted as a;

An P(t,, ..., t)) atom in a model M is interpreted as b,
where

°b9(a1, R, an) & PM
ot is interpreted as a,

IIIIIIIIIIII
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Models (Semantics)

A formula ¢ in a model M is interpreted as:

Y )
o/\/]/:(peqp’
M~FpA @
oM/:gp\/gp’
QM/:qpﬁ\(p’
o M ~VX.@
e M ~3X.¢p

IIIIIIIIIIII

iff
iff
iff
iff
iff
Iff
iff

M ~ @ ( M is not a model for @)
M =@ is equivalentto M ~¢’
M~=p and M ~¢’

M~Fp or M~¢’

M =@ implies M ¢’

forall s € S, M[x:=s] F¢
exists s € S, M[x:=s] F¢

61



Interpretation Example

\g/
|

= {0,4, <}, and M such that | M| = {a, b, c}

M) = a,

M(+) = {{a,a— a),{a,b— b),{a,c— c),{bya— b),{bbr— c),
(b,c— a),{c,a— c),{c,b— a),{c,c— b)}

M(<) = {{a,b),(a,c),(b,c)}

if M(xz) =a,M(y) = b, M(2) = c, then

M[+(+(z,y),2)] =

M(+)(M(+)(M(z), M(y)), M(z)) = M(+)(M(+)(a, b), c) =
M(+)(b, c) =

IIIIIIIIIIII



Interpretation Example

\g/
|

= {0,4, <}, and M such that | M| = {a, b, c}

M) = a,

M(+) = {{a,a— a),{a,b— b),{a,c— c),{bya— b),{bbr— c),
(b,c— a),{c,a— c),{c,b— a),{c,c— b)}

M(<) = {{a,b),(a,c),(b,c)}

M= (Vo : (Jy : +(z,y) =0))
MPENz:(Qy:z<y))
M = (Vo : (Jy : +(z,y) = 2))

IIIIIIIIIIII
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Semantics: Exercise

Drinker’s paradox:

There is someone in the pub such that, if he is drinking, everyone in the pub is
drinking.

e I3x. (D(x) = Vy. D(y))

Is this logical formula valid?
Or unsatisfiable?
Or satisfiable but not valid?

%) WATERLOO



Theories

A (first-order) theory T (over signature %) is a set of
(deductively closed) sentences (over X and V) - axioms

Let DC(I') be the deductive closure of a set of sentences I'.
e Foreverytheory T, DC(T)=T

A theory T is constistent if false ¢ T

We can view a (first-order) theory T as the class of all models
of T (due to completeness of first-order logic).

IIIIIIIIIIII
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Theory of Equality T,

Signature: 2. ={=,4a,b,¢, ..., ,g, h, ..., P,QR, ....}
=, a binary predicate, interpreted by axioms
all constant, function, and predicate symbols.

Axioms:

1. VX. X=X (reflexivity)
2. VX, V. X=y—>y=X (symmetry)
3 VX, Y, Z.X=YAY=Z>2X=Z (transitivity)

IIIIIIIIIIII
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Theory of Equality T,

Signature: 2.={=,4a,b,¢c, ..., g9, h, ..., P, QR, ....}
=, a binary predicate, interpreted by axioms

all constant, function, and predicate symbols.
Axioms:

for each positive integer n and n-ary function symbol f,

VXgyeioy Xy Yy oo Yoo i Xi =Y > Xy, X)) =FY1y -y V) (congruence)
for each positive integer n and n-ary predicate symbol P

V' Xgyeoiy Xpy Yrowoy Yo 7\ X =y = (P(X4,..., X)) <> P(v4,..., ¥,)) (equivalence)

%) WATERLOO
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Peano Arithmetic (Natural Number) — An
Example for a Theory

Signature: 2pp={0,1,+, % =
Axioms of Tp, : axioms for theory of equality, Tg, plus:

1. VX. 7 (x+1=0) (zero)

2. VX, y.x+1=y+1-5x=y (successor)

3. F[0] A (VX.F[x] = F[x+ 1]) —» Vx.F[X] (induction)

4. VX.x+0=x (plus zero)

5. VX, y.x+(y+1)=(x+y)+1 (plus successor)
6. VX.x*0=0 (times zero)

7. VX, y.x*(y+1)=x*y+x (times successor)

Line 3 is an axiom schema.
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Theory of Arrays T,

Signature: 2, = {read, write, = }

read (a, i) is a binary function:
e reads an array a at the index |
o in SMT-LIB: (select a i) is used instead read(a,i)

write (a, I, v) is a ternary function:
e writes a value v to the index i of array a
e in SMT-LIB (store a i v) is used instead write(a, i, v)

IIIIIIIIIIII
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Axioms of T,

Array congruence

eYa,i,j.1=]— read(a,i) =read (a,|)
Read-Over-Write 1
eYa,Vv,i,J.1= > read (write (a,1,V),]) =V

Read-Over-Write 2

eVYa,v, i, j. i#] —>read (write (a, i, v), j) = read (a, j)
Extensionality

ea=b «» Vi.read(a, i) = read(b, i)

IIIIIIIIIIII
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T-Satisfiability
A formula ¢(x) is T-satisfiable in a theory T if

there is a model of DC*(T U 3 x ¢(x)). That is,

there is a model M for T in which ¢(x) evaluates
to true.

Notation:

M = ¢(x)
*DC = deductive closure

IIIIIIIIIIII
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T-Validity

A formula ¢(x) is T-valid in a theory T if
VX)) el.

That is, ¢(x) evaluates to frue in every model M
of T.

T-validity:
=1 o(X)

IIIIIIIIIIII
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Fragment of a Theory

Fragment of a theory T is a syntactically restricted subset of
formulae of the theory
Example:

e Quantifier-free fragment of theory T is the set of formulae
without quantifiers that are valid in T

Often decidable fragments for undecidable theories

Theory Tis decidable if T-validity is decidable for every
formula Fof T

e There is an algorithm that always terminates with “yes” if Fis T-
valid, and “no” if Fis T-unsatisfiable

IIIIIIIIIIII
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>

Exercises (1/2)

Find a model for P(f(x,y)) = P(g(x,y,X))

Write an axiom that will restrict that every model has to have exactly
three different elements.

Write a FOL formula stating that 7 is the position of the minimal element
of an integer array A

Write a FOL formula stating that v is the minimal element of an integer
array A

IIIIIIIIIIII
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Exercises (2/2)

Show whether the following sentence is valid or not

(Fz- P(z) vV Q) < (Fz-P(z))V (3r-Q(x))

Show whether the following FOL sentence is valid or not

(Fz - P(z) NQ(z)) <= (Fz- P(z)) A (Fz- Q(x))

IIIIIIIIIIII
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Completeness, Compactness, Incompleteness

Godel Completeness Theorem of FOL

 any (first-order) formula which is true in all models of a theory, must be
logically deducible from that theory, and vice versa

Corollary: Compactness Theorem
A FOL theory G is SAT iff every finite subset G’ of G is SAT

e A set G of FOL sentences is UNSAT iff exists a finite subset G’ of G that is
UNSAT

Incompleteness of FOL Theories

e A theory is consistent if it is impossible to prove both p and ~p for any
sentence p in the signature of the theory

» A theory is complete if for every sentence p it includes either p or ~p
e There are FOL theories that are consistent but incomplete

https://terrytao.wordpress.com/2009/04/10/the-completeness-and-compactness-theorems-of-first-order-logic/

UNIVERSITY OF

WATERLOO https://plato.stanford.edu/entries/goedel-incompleteness/
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SMT SOLVERS

IIIIIIIIIIII
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Satisfiability Modulo Theory (SMT)

Satisfiability is the problem of determining wither a formula F has a
model

e if F is propositional, a model is a truth assignment to Boolean variables

o if F is first-order formula, a model assigns values to variables and
interpretation to all the function and predicate symbols

SAT Solvers
e check satisfiability of propositional formulas

SMT Solvers

 check satisfiability of formulas in a decidable first-order theory (e.g., linear
arithmetic, uninterpreted functions, array theory, bit-vectors)

UNIVERSITY OF

WATERLOO
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RACT

hint satisfaction problems arise in many diverse ar-
1ding software and hardware verification, type infer-
atic program analysis, test-case generation, schedul-
inning and graph problems. These areas share a
1 trait, they include a core component using logical
s for describing states and transformations between
"he most well-known constraint satisfaction problem
psitional satisfiability, SAT, where the goal is to de-
ether a formula over Boolean variables, formed using
~onnectives can be made true by choosing true/false
or its variables. Some problems are more naturally
»d using richer languages, such as arithmetic. A sup-
theory (of arithmetic) is then required to capture
ning of these formulas. Solvers for such formulations
hmonly called Satisfiability Modulo Theories (SMT)
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SMT solvers have been the focus of increased recent atten-
tion thanks to technological advances and industrial applica-
tions. Yet, they draw on a combination of some of the most
fundamental areas in computer science as well as discover-

1 ies from the past century of symbolic logic. They combine

the problem of Boolean Satisfiability with domains, such as,
those studied in convex optimization and term-manipulating
symbolic systems. They involve the decision problem, com-
pleteness and incompleteness of logical theories, and finally
complexity theory. In this article, we present an overview of
the field of Satisfiability Modulo Theories, and some of its
applications.

UNIVERSITY OF

WATERLOO

el VAN R -y p e sRisfiability Modulo Theories: Introduction & Applications

Nikolaj Bjerner
Microsoft Research
One Microsoft Way

Redmond, WA 98052
nbjorner@microsoft.com

key driving factor [4]. An important ingredient is a common
interchange format for benchmarks, called SMT-LIB [33],
and the classification of benchmarks into various categories
depending on which theories are required. Conversely, a
growing number of applications are able to generate bench-
marks in the SMT-LIB format to further inspire improving
SMT solvers.

There is a relatively long tradition of using SMT solvers in
select and specialized contexts. One prolific case is theorem
proving systems such as ACL2 [26] and PVS [32]. These use
decision procedures to discharge lemmas encountered during
interactive proofs. SMT solvers have also been used for a
long time in the context of program verification and ertended
static checking [21], where verification is focused on assertion
checking. Recent progress in SMT solvers, however, has
enabled their use in a set of diverse applications, including
interactive theorem provers and extended static checkers,
but also in the context of scheduling, planning, test-case
generation, model-based testing and program development,
static program analysis, program synthesis, and run-time
analysis, among several others.

We begin by introducing a motivating application and a
simple instance of it that we will use as a running example.

1.1 An SMT Application - Scheduling

Consider the classical job shop scheduling decision prob-
lem. In this problem, there are n jobs, each composed of
m tasks of varying duration that have to be performed con-
secutively on m machines. The start of a new task can be
delayed as long as needed in order to wait for a machine
ahlo hant
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A

Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)

IIIIIIIIIIII
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A

Example

b+ 2 =cA f(read(write(a,b,3),c —2)) # f(c—b+1)

Arithmetic

IIIIIIIIIIII
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A

Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)

Array theory

IIIIIIIIIIII
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Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)

Uninterpreted function

IIIIIIIIIIII
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A

Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)

IIIIIIIIIIII
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Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)
By arithmetic, this is equivalent to

b+ 2 =cA f(read(write(a,b,3),b)) # f(3)

IIIIIIIIIIII
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Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)
By arithmetic, this is equivalent to
b+ 2 =cA f(read(write(a,b,3),b)) # f(3)
then, by the array theory axiom: read(write(v,i,x),1) =

b+2=cAf(3)# f(3)

SAT/SMT —£.3/50
IIIIIIIIIIII
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Example

b+2=cA f(read(write(a,b,3),c —2)) # f(c—b+1)
By arithmetic, this is equivalent to
b+ 2 =cA f(read(write(a,b,3),b)) # f(3)
then, by the array theory axiom: read(write(v,i,x),1) =

b+2=cAf(3)# f(3)

then, the formula is unsatisfiable

SAT/SMT —£.3/50
IIIIIIIIIIII

WATERLOO 87



Example 2

z>0Af(z) 20Ny >0Af(y) 20Az #y

IIIIIIIIIIII
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Example 2

> 0Af(x) >0Ay>0Af(y) >0Az#y

This formula is satisfiable

UNIVERSITY OF

WATERLOO

SAT/SMT —£.4/50
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Example 2

>0Af(z) >0Ay>0Af(y)>0Az#y
This formula is satisfiable:
Example model:
r—1
y— 2
f(1) =0
f2) =1
f(...)—0

IIIIIIIIIIII
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SMT - Milestones

year |Milestone

1977
1979
1979
1982
1992-8

2002
2005
2006
2007
2009

Efficient Equality Reasoning
Theory Combination Foundations
Arithmetic + Functions
Combining Canonizing Solvers

Systems: PVS, Simplify, STeP,
SVvC

Theory Clause Learning
SMT competition

Efficient SAT + Simplex
Efficient Equality Matching
Combinatory Array Logic, ...

Includes progress from SAT:

O+

15KLOC + 285KLOC =23

UNIVERSITY OF
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SMT-LIB: http://smt-lib.org

International initiative for facilitating research and development in SMT
Provides rigorous definition of syntax and semantics for theories

SMT-LIB syntax

e based on s-expressions (LISP-like)

e common syntax for interpreted functions of different theories
—e.g. (and (=xy) (<= (* 2x) 2))

e commands to interact with the solver
— (declare-fun ...) declares a constant/function symbol
— (assert p) conjoins formula p to the curent context
— (check-sat) checks satisfiability of the current context
— (get-model) prints current model (if the context is satisfiable)

e see examples at http://rise4fun.com/z3

UNIVERSITY OF

WATERLOO
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SMT-LIB Syntax

(declare-fun x () Int)
(declare-fun y () Int)
(declare-fun z () Int)
(assert (>= (* 2 x) (+y z2)))
(declare-fun f (Int) Int)
(declare-fun g (Int Int) Int)
(assert (< (f x) (g x x)))
(assert (> (f y) (g8 x x)))
(check-sat)

(get-model)

IIIIIIIIIIII
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‘Research SMT Example
z3

Is this formula satisfiable?

1 ,; This example illustrates basic arithmetic and
; uninterpreted functions

2

3

4 (declare-fun x (O Int)

5 (declare-fun y (O Int)

6 (declare-fun z () Int)

7 (assert (= (* 2 x) (+ vy 2)))
8 (declare-fun f (Int) Int)

9 (declare-fun g (Int Int) Int)
10 (assert (< (f x) (g x x)))

11 (assert (> (f y) (g x x)))

12 (check-sat)

13 (get-model)

14 (push)

15 (assert (= x y))

16 (check-sat)

17 (pop)

18 (exit)

19

http://rise4fun.com/z3
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SAT/SMT Revolution

Solve any computational problem by effective reduction to SAT/SMT

e iterate as necessary
encode C;>
SAT/SMT

Problem
Solver
< decode

%) WATERLOO



SMT : Basic Architecture

Case
Analysis

IIIIIIIIIIII

e Equality + UF
o Arithmetic
o Bit-vectors

e
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SAT + Theory solvers

Basic ldea

x>0,y=x+

P1, P2, (P3V Ps)

IIIIIIIIIIII

1, (y>2vy<1)

@ Abstract (aka “naming” atoms)

Pp1=(x20), p=(y=x+1),
P3=(y>2),ps=(y<1)
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SAT + Theory solvers

Basic Idea

x>20,y=x+1,(y>2vy<1)

P1, P2, (P3V Pas)

"4

SAT
Solver

IIIIIIIIIIII

@ Abstract (aka “naming” atoms)

Py=(x20), p=(y=x+1),
P3=(y >2), py=(y<1)
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SAT + Theory solvers

Basic Idea

x>20,y=x+1,(y>2vy<1)
@ Abstract (aka “naming” atoms)

D1, P (P3V Ps) P1=(X20), po=(y=x+1),
Q P3=(y>2), ps=(y<1)

L SAT } Assignment

Solver P1, P2, —P3; P4

IIIIIIIIIIII
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SAT + Theory solvers

Basic Idea

x>20,y=x+1,(y>2vy<1)
@ Abstract (aka “naming” atoms)

Solver P1, P2, —P3; [

SAT ASS|gnmentj> x>0,y=x+1
2

IIIIIIIIIIII
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SAT + Theory solvers

Basic ldea

x>20,y=x+1,(y>2vy<1)
@ Abstract (aka “naming” atoms)

P, Po (P3V Ps) P1=(X20), po=(y=x+1),
Q P3=(y>2), ps=(y<1)

SAT pAszlgrLrgen;t
Solver e Y

Unsatisfiable
............ sz,y=x+1,y< 1<i

WV

Xx>0,y=x+1,
—(y>2),y<1

V

[

Theory
Solver
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SAT + Theory solvers

Basic Idea

x>20,y=x+1,(y>2vy<1)
@ Abstract (aka “naming” atoms)

P, Po (P3V Ps) P1=(X20), po=(y=x+1),
Q P3=(y>2), ps=(y<1)

SAT pASISDIQrLrTFI)en: Xx>0,y=x+1,
Solver bore (y>2),y<1

V

New Lemm Unsatisfiable Theory
x>0,y=x+1,y<1 Sol
BWatERie82 VP4 olver
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SAT + Theory solvers

New

—P1V—=PoV—P4

Lemma <j Unsatisfiable
x>20,y=x+1,y<1

N
AKA

Theory

conflict

IIIIIIIIIIII

.

Theory
Solver
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USING Z3 AND Z3PY
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Job Shop Scheduling

Tasks
Jobs

105
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Job Shop Scheduling

Covstronts:
Precedence: between two fasks of tihe same

" N

Resowrce: Machuines execwte af most one
job ot a tume

IIIIIIIIIIII
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Job Shop Scheduling

Constronts Encoding:
Precedence: t, 3 -start time of

\ job 2 on mach 3
d, 3 -duration of
job 2 on mach 3

t,3+dy3 <tyy

Resownrce. NE;
B e

/ \ t2,2 + d2’2 S t4,2
\

tartysz end,,| N [starty,..endy,| =0 tya+dy, <ty
2

IIIIIIII
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Job Shop Scheduling

d;; |Machme 1 Machine 2 Encoding

Job 1 2 1 (12 0)A(hp =21 +2)A(Ha+1<8) A

Job 2 3 1 (h1=20)A(ha2=h1+3)A(h2+1<8)A

Job 3 2 3 (31 20)A(t32>2161+2)A (132 +3<8) A
(1 =2n01+3)V(b1=2n1+2)) A

max = 8 (ha=2B1+2)V(B1=2h1+2)) A
(h1=28B1+2)V(1=2H1+3)) A

Solution (1 =2 ha+1)V(ba=2Ho+ 1)) A

hi=5hx=701=2, (h2=286B2+3)V(Ba=zn2+1)) A

hr»=6,131=0,130=3 (ha=28B2+3)V(Ba=2ha+1))

UNIVERSITY OF
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